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Abstract
The late time accelerated expansion of the universe can be realized using scalar fields with
given self-interacting potentials. Here we consider a straightforward approach where a three
cosmic fluid mixture is assumed. The fluids are standard matter perfect fluid, dark matter, and
a scalar field with the role of dark energy. A dynamical system analysis is developed in this
context. A central role is played by the equation of state ωeff which determines the acceleration
phase of the models. Determining the domination of a particular fluid at certain stages of the
universe history by stability analysis allows, in principle, to establish the succession of the
various cosmological eras.
Keywords: Cosmology, dark energy, equation of state, dynamical system.
1 Introduction
From the recent observational data, it is assumed that, our universe is spatially flat and suffered two
acceleration phases. The first acceleration, occurred at the time of the big bang, is called inflation.
It occurred before the radiation dominated era. The second accelerated phase occurred after the
matter dominated era and it is lasting up to now. Since the discovery of this late accelerated
expansion [1,2], there have been several studies searching for candidates capable of sourcing such a
dynamics. First, and foremost among them, is assuming a positive cosmological constant Λ in the
framework of the so-called ΛCDM where cosmological constant and cold dark matter supply the
largest part of the matter-energy content of the universe. Even though this model fits very well with
recent astronomical observational data, there are some unresolved issues, the so-called cosmological
constant problem [3,4] and coincidence problem [5], related to the tiny value of Λ and its fine tuning
with today observed matter content of the universe. Another approach to handle the problem
is considering the observed value of cosmological constant to be dynamically derived from some
evolutionary process. This result can be achieved by introducing some scalar field which evolves
giving rise to the late time acceleration of the universe. Any entity which, at cosmic distances,
provides an accelerated expansion in late epoch is generally termed as dark energy. We have two
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basic approaches for explaining dark energy. The first way is to “modify matter” i.e. the Tµν
stress-energy tensor in Einstein’s field equation which would contain some form of matter-energy
with negative pressure. The second way is to “modify geometry” leading to changes in the Einstein
field equations Gµν = Rµν − 1
2
gµνR (see for example [6]).
Here we are considering modifications of matter content by adding terms with negative pressure.
This purpose is fulfilled by adding a generic scalar field which is one of the components of the
cosmic fluid. Our aim is discussing a cosmological qualitative behavior by which late acceleration
is generically achieved by summing up suitable fluids. With this perspective in mind, dark energy
equation of state parameter ω between −13 and −1 is termed as quintessence [7, 8]. Scalar fields
are very important in cosmology not just because they represent dark energy behavior, but also
because, at different scales, they give rise to inflationary behavior, dark matter models and other
cosmological features [9].
One of the major problems in theories of gravity is the difficulty in finding out (analytic or
numerical) solutions due to highly non-linear terms in the field equations and hence comparison
with observations cannot be carried out easily. So it is important that other techniques are efficiently
used to solve such equations or, at least, to control the overall dynamical behavior. A method is
the Dynamical System Analysis. Application of dynamical systems analysis to cosmology has been
widely discussed in literature [10, 11]. In general dynamical systems are adopted to solve several
problems in physics [12–17]. The approach is a method for finding out numerical solutions and
helps in understanding the qualitative behavior of a given physical system [18–28]. The most
important concept in dynamical system analysis is to find out critical points of a set of first order
ordinary differential equations (ODE). They are the zeros of a vector field f(x, y, z, ...). Phase
space stability points are those that satisfy the condition x′ = 0, y′ = 0, z′ = 0, .. where the prime
means derivative with respect the affine parameter (time in particular). The stability conditions
are obtained by calculating the Jacobian matrix at critical points and finding their eigenvalues.
After the identification of critical points and eigenvalues we can identify the flow near any of these
points by linearizing the system in a neighborhood of the point. The fundamental idea is to analyze
if trajectories in the neighborhood of the point are either attracted or repelled. This is the study
of stability properties near a particular critical point.
In the present work we analyze the stability of cosmological models assumed to be sourced by
various kinds of fluids. We start our analysis considering a completely dark matter filled universe,
Subsequently, we assume the universe completely filled by a standard perfect fluid (with equation of
state p = ωρ). Then we consider non-interacting mixtures of various fluids assuming dark matter
together with perfect fluid. Then, we introduce dark energy and consider the universe filled by
a mixture of dark matter, perfect fluid and dark energy. We consider the various components
and discuss the stability of the cosmological model accordingly. Finally, we consider a mixture of
dark matter, perfect fluid and scalar field with a given potential as a candidate for dark energy.
Specifically we consider exponential and power law potential. In each case, we analyze stability
conditions related to ωeff as well as the acceleration phase. The paper layout is the following. In
Sec. 2, we discuss the various fluids sourcing the universe that we are going to analyze. Dynamical
system analysis is performed in Sec.3. Here we take into account the various combinations of the
given fluids and study the critical points accordingly. Conclusions and perspectives are reported in
Sec.4.
2
2 Cosmic fluids
The generic action of General Relativity where geometry is minimally coupled to perfect fluid
matter and scalar field can be written as
S =
∫
d4x
√−g [R+ Lm + Lφ] (1)
where R is Ricci Scalar, g is the metric determinant, Lm is the matter Lagrangian, and Lφ =
1
2∂φ
2 − V (φ) is the scalar field Lagrangian. The metric is gµν = diag(−1, a2(t), a2(t), a2(t)) and
a(t) is scale factor of the universe.
Let us consider the source divided into three parts, i.e. Dark Matter (DM), Dark Energy (DE)
and standard matter (perfect fluid PF).
Dark matter is assumed to be described as dust (pDM = 0). Its energy-momentum tensor can
be defined as
TDMµν = ρDMuµuν (2)
where uµ = (1, 0, 0, 0) is a four velocity vector.
Dark energy is described by a scalar field (φ) (quintessence or phantom) rolling down a potential
V (φ). The energy momentum tensor is defined as
T φµν =
(
1
2
φ˙2 + V (φ)
)
uµuν +
(
1
2
φ˙2 − V (φ)
)
hµν (3)
where hµν = gµν + uµuν . The energy density ρφ and the isotropic pressure pφ of the field are
ρφ =
1
2
φ˙2 + V (φ) and pφ =
1
2
φ˙2 − V (φ), (4)
and the equation of state parameter can be written as
ωφ =
pφ
ρφ
=
1
2 φ˙
2 − V (φ)
1
2 φ˙
2 + V (φ)
. (5)
Here, standard matter is assumed to be described by a perfect fluid with energy momentum
tensor
TPFµν = (pPF + ρPF )uµuν + pPF gµν (6)
and a linear equation of state
pPF = ωρPF , 0 < ω ≤ 1, (7)
in the so called Zeldovich interval. For ω = 1 & 13 , it represents stiff matter and radiation fluid
model respectively. Actually, also ω = 0 can be inserted in the Zeldovich interval. In such a case,
we are dealing with standard baryonic matter that, according to observations, represents a small
percentage (≤ 5%) of the total matter amount of the universe. For our dynamical analysis, we can
assume that the bulk of matter content is represented by dark matter. Throughout this work we
will assume physical units, that is
8piG
c4
= 1.
3
3 Dynamical system analysis
With the above considerations in mind, let us study the dynamical systems for the various combi-
nations of fluids sourcing a Friedman-Robertson-Walker universe derived from the action (1). The
aim is to study the stability of critical points in view of deriving the overall behavior of the related
cosmological model.
Case-I: Dark Matter (pDM = 0)
In this case, we have considered the universe filled with dark matter only. The explicit form
of the field equations is:
3
(
a˙
a
)2
= ρDM (8)
2
(
a¨
a
)
+
(
a˙
a
)2
= 0 (9)
ρ˙DM + 3
(
a˙
a
)
ρDM = 0 (10)
From (8),(9),(10) we obtain
a = a0
(
t
t0
) 2
3
, (11)
ρDM = ρ0
(
t0
t
)2
(12)
and the deceleration parameter
q =
1
2
. (13)
This positive deceleration parameter indicates that the universe is experiencing a deceleration
phase. However, type Ia supernovae observational data suggest that the universe is undergoing an
accelerated expansion phase. Hence, we may conclude that our present universe cannot be filled
with dark matter completely.
Case-II: Perfect Fluid (pPF = ωρPF )
Let us consider the universe completely filled by a perfect fluid. The field equations are:
3
(
a˙
a
)2
= ρPF (14)
2
(
a¨
a
)
+
(
a˙
a
)2
= −pPF (15)
ρ˙PF + 3
(
a˙
a
)
(ρPF + pPF ) = 0 (16)
From (14) (15),(16), we obtain
ρPF =
ρ0
a3(1+ω)
(17)
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and deceleration parameter
q =
1 + 3ω
2
. (18)
Here we can conclude that q > 0 for 0 < ω ≤ 1 and similarly we cannot have accelerated expansion
of the universe, when the universe is completely filled with perfect fluid. Using velocity equation
(14) and the acceleration equation (15), we find
a¨
a
= −(ρ+ 3p)
6
(19)
which is sometimes called the Raychaudhari equation. Note that here the acceleration and the
deceleration of the universe depend on the sign of a¨. Hence, from equation (19), we can say that
the universe is decelerating if ρ+3p > 0, while it is accelerating if ρ+3p < 0. If the linear equation
of state p = ωρ holds, then the condition can be transferred to equation of state parameter with
ω > −13 for decelerating universe and ω < −13 for accelerating universe. In this case, we are out of
the Zeldovich interval.
Case-III: Mixture of dark matter and perfect fluid
In this case, we consider the universe filled with dark matter (the density is ρDM and the pressure
is equal to zero) and perfect fluid (with density ρPF and pressure pPF = ωρPF ). We assume no
interaction between dark matter and perfect fluid. The field equations are
3
(
a˙
a
)2
= ρPF + ρDM (20)
2
(
a¨
a
)
+
(
a˙
a
)2
= −pPF (21)
ρ˙DM + 3
(
a˙
a
)
ρDM = 0 (22)
ρ˙PF + 3
(
a˙
a
)
(ρPF + pPF ) = 0 (23)
The density parameters are
ΩDM =
ρDM
3H2
, ΩPF =
ρPF
3H2
, (24)
where H =
(
a˙
a
)
. In order to introduce dynamical systems, we define
x =
ρDM
3H2
and 1− x = ρPF
3H2
, (25)
according to the fact that the density constraint is ΩDM + ΩPF = 1. These assumptions lead us to
the following autonomous equation
x′ = f(x) = 3ωx(1− x) (26)
The combination of various fluids is represented in Fig.(1).
where prime denotes derivative with respect to dη = Hdt and the variable x is a function
of the time parameter η = ln a. There are only two critical points for this dynamical system,
i.e. x = 0 and x = 1. The first one is unstable (f ′(0) > 0), while the second one is stable
5
Figure 1: The qualitative evolutions of various fluids.
(f ′(1) < 0). The evolution of the universe starts from the completely radiation dominated universe
and ends up in a matter dominated era. The corresponding equation of state for this universe is
ωeff = ωDMΩDM + ωRΩR =
1− x
3
, which starts from the value of
1
3
and then drops to zero as
matter starts to dominate.
Critical Point Stability
0 Unstable
1 Stable
Case-IV: Mixture of dark matter, perfect fluid, and dark energy.
Let us consider the universe filled with perfect fluid (with density ρPF and pressure pPF ), non-
relativistic dark matter (with density ρDM and pressure p= 0) and dark energy (with density ρDE
and pressure pDE). We assume that there is no interaction between dark energy and dark matter.
The field equations are:
3
(
a˙
a
)2
= ρPF + ρDM + ρDE (27)
2
(
a¨
a
)
+
(
a˙
a
)2
= −(pPF + pDE) (28)
ρ˙DM = −3HρDM (29)
ρ˙PF = −3HρPF (1 + w) (30)
ρ˙DE = −3HρDE(1 + wDE) (31)
6
We can define the various density parameters as:
ΩDM =
ρDM
3H2
, ΩPF =
ρPF
3H2
, ΩDE =
ρDE
3H2
, (32)
and introduce the following dimensionless variables:
x =
ρDM
3H2
, y =
ρPF
3H2
(33)
So we have,
ΩDE = 1− x− y . (34)
Assuming that dark matter, perfect fluid and dark energy do not interact each other leads to the
following set of autonomous differential equations:
x′ = 3x(ωy + ωDE(1− x− y)) , (35)
y′ = 3y[ω(y − 1) + ωDE(1− x− y)] , (36)
where O(0, 0), A(0, 1), and B(1, 0) are the critical points of this system. Physically (0, 0) means
that the universe is completely filled with dark energy, (1, 0) means that the universe is completely
filled with dark matter and (0, 1) means that the universe is completely filled with perfect fluid.
The Jacobian Matrix for this set of autonomous equations is:[
3(ωDE(1− x− y) + ωy)− 3ωDEx 3(ω − ωDE)x
−3ωDEy 3(ωDE(1− x− y) + ω(y − 1) + 3(ω − ωDE)y
]
By evaluating the Jacobian at the above mentioned critical points and finding its eigenvalues, we
get:
Point ωeff Eigenvalues Stability
(0, 0) ωDE 3ωDE , 3(−ω + ωDE) Stable
(0, 1) ω 3ω, 3(ω − ωDE) Unstable
(1, 0) 0 −3ωDE , −3ω Saddle Point
Considering radiation as a particular case of the perfect fluid (ωR =
1
3
), we have:
Point ωeff Eigenvalues Stability
(0, 0) ωDE 3ωDE , 3ωDE − 1 Stable
(0, 1) 13 1, 1- 3(ωDE) Unstable
(1, 0) 0 −3ωDE , −1 Saddle Point
Subcase I:
Furthermore, if we consider cosmological constant as a particular type of dark energy (wΛ = −1),
we have:
Point ωeff Eigenvalues Stability
(0, 0) −1 -3,-4 Stable
(0, 1) 13 1,4 Unstable
(1, 0) 0 3,-1 Saddle Point
7
Figure 2: The phase space portrait the dynamical system (37) and (38).
For similar results see also [29]. Considering equations (35) and (36) with the above assumption,
we get the following set of autonomous equations
x′ = x(3x+ 4y − 3) (37)
y′ = y(3x+ 4y − 4) (38)
The phase space portrait of the dynamical system (37) and (38) is plotted in Fig (2). Clearly
origin is the stable point in this system. We can also study the relative energy density of dark
matter, radiation and dark energy together with effective equation of state parameter in ΛCDM
model. In the above picture, we see that during initial stage, we have universe completely filled
with radiation, which then slowly reduces and matter starts to form, hence increasing its relative
energy density. In the later stage, dark energy starts to dominate and hence causes the accelerated
expansion of the universe which we currently observe. The equation of state parameter ωeff starts
with 13 when the universe is completely radiation dominated then during the matter formation era,
it goes down to zero and further, when dark energy starts to dominates, it becomes negative and
ultimately reaches the value of ωΛ which is -1.
Subcase II:
Now we assume stiff fluid as a form of the perfect fluid and we still stick to cosmological constant.
Here we get a different set of autonomous differential equations which are
x′ = 3x(x+ 2y − 1) (39)
y′ = 3y(x+ 2y − 2) (40)
Here, the corresponding set of critical points and stability conditions remains same, but as the
system of differential equations is different, so we get a different set of eigenvalues, which is as
follows:
8
Figure 3: The qualitative evolution of dark matter, radiation, and dark energy.
Point ωeff Eigenvalues Stability
(0, 0) −1 -3,-6 Stable
(0, 1) 13 3,6 Unstable
(1, 0) 0 3,-3 Saddle Point
For the dynamical set of equations (39) and (40), again origin is the critical point here and we
have a phase space portrait as given in Fig.(4). Here also we can study the relative energy density
of dark matter, stiff fluid and dark energy together with effective equation of state parameter in
ΛCDM model.
In Fig. (5), we see that during initial stage, we have universe completely filled with stiff fluid,
which then slowly reduces and matter starts to form, hence increasing its relative energy density.
So ωeff is behaving same as energy density of stiff fluid, till dark energy comes into the picture.
In the later stage, dark energy starts to dominate and causes the accelerated expansion of the
universe which we currently observe. The parameter ωeff starts with
1
3 as universe was completely
radiation dominated then during the matter formation era, it goes down to zero and further when
dark energy starts to dominates, it goes negative and ultimately reach the value of ωΛ which is -1.
Subcase III:
As there was no significant difference in this phase portrait, so we now analyze this system by
taking ωDE → −∞. As discussed previously, the stability conditions are independent of values of
equation of state parameter (ω). But stability comes faster and prominent with ωDE → −∞. Here
it can be seen that when there was cosmological constant alongside radiation and dark matter,
the universe was moving from radiation domination towards dark matter domination which is the
saddle point and then ultimately moving towards the stable point (0,0). But here, whatever may
be the beginning, the universe quickly moves towards the stable point (0,0) and hence makes the
saddle point (1,0) weak. Conversely, if we take ωDE → 0, but negative, then we observe the universe
to move from radiation domination to dark matter domination and then to dark energy domination
quite slowly, which makes the saddle point (1,0) stronger and the stable point (0,0) weaker. See
Figs. (6) and (7).
So from this case-IV, we may conclude one important fact that the critical points are not ω
dependent quantities for the mixture of dark matter, perfect fluid and dark energy. We get a dif-
9
Figure 4: The phase space portrait of system (39), (40).
Figure 5: The qualitative evolution of dark matter, stiff matter, and dark energy.
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Figure 6: The phase space portrait of stable point (0,0).
Figure 7: The phase space portrait of saddle point (1,0).
11
ferent set of eigenvalues for different kinds of mixture, which leads to some difference in stability
properties which have been discussed.
Case V Mixture of dark matter, Perfect fluid and scalar field as a form of dark energy.
Let us consider the universe filled with perfect fluid (with density ρPF and pressure pPF ), non-
relativistic dark matter (with pressure equal to zero and density ρDM ), and scalar field (as a form
of dark energy). We assume that there is no interaction between components. The field equations
are:
3
a˙2
a2
= ρdm + ρpf +
1
2
φ˙2 + V (φ) (41)
2
a¨
a
+
a˙2
a2
= −ppf − 1
2
φ˙2 + V (φ) (42)
ρ˙DM = −3HρDM (43)
ρ˙PF = −3HρPF (1 + w) (44)
ρ˙φ = −3Hρφ(1 + wφ) (45)
Let us introduce dimensionless quantities as which are referred as Expansion Normalized variables
(EN) [18]:
x =
φ˙√
6H
, y =
√
V√
3H
, z =
√
ρdm√
3H
. (46)
With these variables and the Friedman constraint, we have,
Ωpf + Ωdm + Ωφ = Ωpf + x
2 + y2 + z2 = 1 (47)
where relative energy densities are Ωdm =
ρdm
3H2
and Ωφ =
ρφ
3H2
. This effectively gives us
Ωpf = 1− (x2 + y2 + z2) . (48)
With the realistic assumption ρ ≥ 0, we have x2 + y2 + z2 ≤ 1. One can also define
λ = −V,φ
V
. (49)
Here we note that these EN variables fail to be a system of autonomous equations as λ still depends
on the scalar field φ. We can consider an exponential potential, where λ is just a parameter and
system of equations becomes autonomous. In general, the equation for variable λ is given by:
λ′ =
1
H
(
dλ
dφ
)
, (50)
so we have,
λ′ = −
√
6(Γ− 1)λ2x (51)
where, Γ =
V V,φφ
V 2φ
.
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Subcase I: Exponential Potential
We assume an exponential potential V = V0e
−λφ with Γ = 1, hence λ is just a parameter, which
means that y > 0 and our phase space becomes the upper half of the sphere. Dynamical systems for
cosmological scalar fields with an exponential potential has been widely studied in view of cosmic
acceleration [19]. All assumptions considered above lead to the following system of autonomous
equations
x′ = −3
2
[
2x+ (ω − 1)x3 + x(ω + 1)(y2 − 1) + xωz2 −
√
2√
3
λy2
]
(52)
y′ = −3
2
y
[
(ω − 1)x2 + (ω + 1)(y2 − 1) + ωz2 +
√
2√
3
λx
]
(53)
z′ = −3
2
z
[−1 + (ω − 1)x2 + (w + 1)(y2 − 1) + ωz2] . (54)
System of equations (52), (53), (54) remains invariant under the transformation y → -y and z →
-z. Now the acceleration equation gives
H˙
H2
=
3
2
[
(ω − 1)x2 + (ω + 1)(y2 − 1) + ωz2] . (55)
We define the effective equation of state parameter of the universe as ωeff =
(ppf + pφ)
(ρdm + ρpf + ρφ)
which can be written in terms of EN variables as
ωeff = x
2
∗ − y2∗ + ω(1− x2∗ − y2∗ − z2∗), (56)
where (x∗, y∗, z∗) is any point in our phase space and, for ωeff < −1
3
, it describes a universe
undergoing accelerated phase of expansion.
The Jacobian of the set of autonomous differential equations is:

3(ω − 1)x2 + wz2 + (ω + 1)(y2 − 1) + 2 2(ω + 1)xy − 2
√
2
3yλ 2ωxz
−32y(2(ω − 1)x+
√
2
3λ)
−3(ω + 1)y2 − 3
2
(ω − 1)x2
+
√
2
3
λx+ wz2 + (w + 1)(y2 − 1))
−3ωyz
−3(ω − 1)xz −3(ω + 1)yz −3ωz
2 − 3
2
((ω − 1)x2
+ωz2 + (ω + 1)(y2 − 1)− 1)

Real critical points include (0, 0, 0), (±1, 0, 0),
(
0, 0,±
√
2+ω√
ω
)
,
(√
3
2
(1+ω)
λ ,±
√
3
2
(1−ω2)
λ , 0
)
and
(
λ√
6
,±
√
6−λ2
6 , 0
)
.
Let us now study the behavior of each of these points in detail.
Point A ≡ (0, 0, 0) behaves as a saddle point as eigenvalues take both the sign. Also ωeff in this
region is ω, which is in the interval [0,1]. So there cannot be any accelerated region for this point.
In this case all the values i.e. x, y, z are zero, hence this type of universe is a perfect fluid dominated.
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Point B1 ≡ (1, 0, 0) is unstable for λ ≤
√
6 and saddle point for λ >
√
6. Also ωeff in this
region is 1. As it is x = 1, this model of universe is completely scalar field dominated. Also in this
case, we cannot have accelerated phase for this model.
Point B2 ≡ (−1, 0, 0) is unstable for λ ≥ −
√
6 and saddle point for λ < −√6. Also ωeff in
this region is 1. Like in the previous case, this is a completely scalar field dominated system and
we cannot have accelerated phase for this model.
Point C ≡
(
0, 0,±
√
2+ω√
ω
)
is not a useful critical point because the condition of x2 + y2 + z2 ≤ 1 is
not satisfied. So no further evaluation regarding this critical point can be considered.
Point D ≡
(
λ√
6
,±
√
6−λ2
6 , 0
)
behaves as a saddle point if λ2 ≤ 6, else it becomes unstable. The
parameter ωeff here becomes
λ2
3 − 1, which, for λ2 < 2, gives an accelerated phase. This model is
scalar field dominated.
Point E ≡
(√
3
2
(1+ω)
λ ,±
√
3
2
(1−ω2)
λ , 0
)
cannot be stable as we have one eigenvalue for 3(2+ω)2 which
is positive. Apart from this, this point exists for λ2 ≥ 3(1 + ω) and we cannot have accelerated
phase because ωeff = ω which is in the interval [0,1].
A detailed description of points with their eigenvalues and stability is given in the following Tables.
Critical Point Eigenvalues Stability
(0, 0, 0) - 32(±1− ω), 32(2 + ω) Saddle Point
(1, 0, 0) -3(ω − 1),−32(−2 +
√
2
3λ),
9
2 Unstable for λ ≤
√
6
Saddle for λ >
√
6
(−1, 0, 0) -3(ω − 1),−32(−2−
√
2
3λ),
9
2 Unstable for λ ≥ −
√
6
Saddle for λ < −√6(
λ√
6
,±
√
6−λ2
6 , 0
)
1
2(λ
2 − 6), 12(3 + λ2), λ2 − 3ω − 3 Saddle Point if λ2 < 6,
else Unstable
Critical Point ωeff Acceleration Phase Existence
(0, 0, 0) ω No all λ and all ω
(1, 0, 0) and (−1, 0, 0) 1 No all λ and all ω
( λ√
6
,±
√
6−λ2
6 , 0)
λ2
3 − 1 λ2 < 2 λ2 < 6
Subcase II: Power Law Potential
Here we consider power law type potential. Explicitly we have:
V (φ) =
Mα+4
φα
(57)
where α is a dimensionless parameter and M is a positive constant with mass dimensions. For this
potential, we have
Γ =
V V,φφ
V 2φ
=
α+ 1
α
(58)
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or
Γ− 1 = 1
α
(59)
As Γ = 1, corresponds to exponential potential studied in Subcase I, in which λ becomes a constant,
we will exclude that case from here. We can now here define a new variable u as
u =
λ
λ+ 1
, (60)
when λ = 0, we get again u = 0, but when λ→ +∞, we have u = 1, meaning that this new variable
is only bounded to 0 ≤ u ≤ 1. In the new variable (60), the dynamical system becomes:
x′ = −3
2
[
2x+ (ω − 1)x3 + x(ω + 1)(y2 − 1) + xωz2 −
√
2√
3
y2
u
1− u
]
(61)
y′ = −3
2
y
[
(ω − 1)x2 + (ω + 1)(y2 − 1) + ωz2 +
√
2√
3
x
u
1− u
]
(62)
z′ = −3
2
z
[−1 + (ω − 1)x2 + (w + 1)(y2 − 1) + ωz2] (63)
u′ = −
√
6(Γ− 1)xu2 (64)
The Jacobian matrix for this system of equation is
−9
2
(ω − 1)x2 + ωz2+
(ω + 1)
(
y2 − 1)+ 2 −32
(
2 (ω + 1)xy +
2
√
2
3
uy
1−u
)
−3ωxz −32
(
−
√
2
3
y2
1−u −
√
2
3
uy2
(1−u)2
)
.
−32y
(√
2
3
u
1−u + 2(w − 1)x
) −3
2

√
2
3ux
1− u + (ω − 1)x
2

−3
2
((ω + 1)(y2 − 1)
+ωz2)− 3(ω + 1)y2)
−3ωyz −32y
(√
2
3
ux
(1−u)2 +
√
2
3
x
1−u
)
2(ω − 1)xz 2(ω + 1)yz
(ω − 1)x2+
(ω + 1)(y2 − 1)
+3ωz2 − 1
0
(−√6(t− 1)u2) 0 0 −2√6(t− 1)ux

By substituting critical points in this Jacobian Matrix, we can study detailed description of point
with its eigenvalues and stability as given in the Table below:
Critical Point Eigenvalues Hyperbolicity Stability
(0, 0, 0, u) 0, 32(1− ω),−32(1− ω),−2− ω Non Hyperbolic Saddle Point
(±1, 0, 0, 0) 0, 3(ω − 1), 3,−3 Non Hyperbolic Saddle Point
(0, 1, 0, 0) 0, -3, -1, −3(1 + ω) Non Hyperbolic Stable Point for α > 0
(0,−1, 0, 0) 0, 3, -1, −3(1 + ω) Non Hyperbolic Saddle Point
Point O ≡ (0, 0, 0, u) is the entire u axis which is critical. Since these are not isolated critical points,
we expect that, at least one eigenvalue of the Jacobian, vanishes. This is evident from the above
Table. From the opposite signs of other eigenvalues, its is clear that this critical point behaves as
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a saddle point. Also it is a non-hyperbolic point, as one of the eigenvalues, and it vanishes.
Point A± ≡ (±1, 0, 0, 0) is a scalar field kinetic dominated solution. So here ωeff = ωφ = 1,
which means that it is a stiff-fluid dominated universe. Similar to previous case, here also we
have opposite signs of the eigenvalues, apart from one vanishing eigenvalue. So, again, it is a non-
hyperbolic, saddle kind critical point.
Point B ≡ (0, 1, 0, 0) is a scalar field dominated point. Here ωeff = ωφ = −1, which means
that it is dominated by the potential energy of the scalar field. Here, apart from one vanishing
eigenvalue, all other eigenvalues are negative which leads to stability in the neighborhood of this
point. Non-hyperbolicity still holds here due to a vanishing eigenvalue.
Point C ≡ (0,−1, 0, 0) is also a scalar field dominated point. Here ωeff = ωφ = −1, which
means that it is dominated by the potential energy of the scalar field. Here, apart from a vanishing
eigenvalue, other eigenvalues have opposite signs which leads to a saddle point. Non-hyperbolicity
still holds here due to a vanishing eigenvalue, which is evident from the Table above.
4 Conclusion and Perspectives
In this work, we have characterized the cosmological evolution by considering a mixture of various
fluids. Precisely we considered five cases of fluid mixtures. We began an entirely dark matter filled
universe and derived its field equations and scale factor. The deceleration parameter is a positive
constant,
1
2
and then the model is currently experiencing a deceleration phase, which contradicts
the observational fact of accelerated expanding universe. We can conclude that the universe cannot
be completely dark matter dominated. Secondly, we consider a completely perfect fluid matter
dominated universe with equation of state p = ωρ , with 0 < ω ≤ 1. From similar calculations as
in the previous case and, from Raychaudhari equation, it can be found that, for the accelerated
expansion of the universe, ω must be less that −13 . So it leads us to the conclusion that, for an
accelerated expansion of the universe, it cannot be completely perfect fluid filled. As a third case,
we consider the mixture of both dark matter and perfect fluid, with both not interacting between
each other. Then considering radiation as a kind of perfect fluid and using dynamical system
analysis, we obtain two critical points and conclude that such a universe will start with radiation
domination which is an unstable point and slowly it reaches the matter dominated era, which is
a stable point. Still in this case, we cannot arrive to the today observed accelerated expansion
because ωeff is non-negative.
In the fourth case, we consider the non-interacting mixture of dark matter, perfect fluid and
dark energy. We derive a set of two autonomous differential equations whose critical points are
suitable for stability analysis. As a subcase, radiation is once considered as a kind of perfect
fluid and cosmological constant as a kind of dark energy. In the next case, we stick to cosmological
constant but consider stiff fluid as a perfect fluid. We conclude that in all such cases, the completely
dark energy dominated universe is stable and it leads to the accelerated expansion. Energy density
parameter can be taken into account and its behavior is plotted against ln a to understand the
domination of this quantity in different eras of the universe. Point (0, 0), the stable critical point
of this system corresponding to dark energy dominated universe, is considered for various kinds of
dark energies such as the cosmological constant, ωDE → −∞ and ωDE → 0 (but negative). We
conclude that the more stronger dark energy os (low value of ωDE), the more stronger the stable
critical point (0, 0) is. It is also evident that as ωDE → −∞, the critical point (0, 0) is so strong
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that there is no role for the saddle point in that case.
In the fifth case, we consider universe filled with a non-interacting mixture of dark matter,
perfect fluid and scalar field with potential as a form of dark energy. Exponential potential has
been considered in the first subcase. Here we derive a set of three autonomous differential equations
from which critical points are obtained and Jacobian matrix has been constructed. We discuss the
eigenvalue stability analysis as in the previous cases. The acceleration phase has to be ωeff <
1
3
to be achieved. Subsequently, we consider a power law potential and we obtain a set of four
autonomous differential equations, where the fourth equation depends on the potential parameter
λ. We arrive at the critical point which is a completely scalar field dominated being a stable
point in this case. The use of the dynamical system technique allows to understand the behavior
of various models by the analysis of ωeff . The values of the critical points in the phase space
allows to determine the domination of the particular fluid. Then, using the critical point and
evaluating Jacobian at those points, we arrive at the eigenvalues of the system. The signs of these
eigenvalues allow to understand the stability of particular points. As a final remark, in this paper,
we considered the simplest case of Einstein gravity and minimally coupled fluids. More general
cases and extensions can be considered in this perspective [30].
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